We study static AdS star in generic dimension. The dependence of the mass limit to the bulk fermion mass is explored. In the bulk conformal limit, the mass limit saturates at a value identical to the mass limit of a radiation star or the AdS space filling with pure radiation. The temperature and entropy of the degenerate AdS star in the bulk conformal limit is zero in contrast to the radiation star. Holographically, the universal mass limit corresponds to the upper limit of the deconfinement temperature in the dual gauge picture. The QGP at this temperature is dual to the large black hole and the heat capacity is positive. When the fermion mass increases, the mass limit falls into the range of the small black holes. We found that even though the small black hole has negative heat capacity, the AdS box allows possibilities that it remains in thermal equilibrium with the radiation as long as the size of the black hole is not smaller than a critical size. Consequently, the dual QGP with negative heat capacity can be produced and remains stable thermodynamically at temperature below a saturation temperature T 2 . The QGP with negative heat capacity produced at higher temperature will still condensate completely into a gas of confined hadron.
Introduction
Holographic duality is one of the most exciting and rapidly advancing area of theoretical physics in recent years. The idea of holographic duality was originated when Bekenstein argued that a black hole should possess entropy proportional to its horizon area instead of volume of the black hole [1] . Intriguingly, the entropy associated with the horizon is measured in the unit of the Planck area, l the pure radiation inevitably collapses to form a BH. If the temperature is lower than T crit but larger than a minimum temperature T min (given by Eqn. (54) in our text), a tunneling from pure radiation to BH could occur with a probability.
Classical transition by gravitational collapse is a general phenomena not limited to the pure radiation. We can consider AdS star with arbitrary particle content, fermions and bosons, and study its collapse. Holographic duality should apply to any of these AdS stars. A pioneering work on the holographic degenerate star with fermion content has been done in Ref. [12, 13] where the authors successfully construct multitrace composite operators in the CFT side as the dual of the bulk fermionic star. AdS/CFT dictionary leads to the exact matching of the conformal dimension of the composite operator and the ADM mass of the AdS star when self-gravity is neglected.
Holographically, gravitational collapse of an AdS star is dual to the thermalization process of the gauge matter on the boundary [14, 15, 16, 17, 18, 19, 20] . The mass limit of the AdS star corresponds to the minimal amount of energy density required for the dual gauge matter to initiate the thermalization process. Additionally, the temperature of the resulting QGP is also determined by the mass limit of the pre-collapsed star. Investigation on the conditions of the AdS star before the gravitational collapse could arguably reveal the necessary conditions for the formation of the deconfined QGP in the dual picture.
In this article, we extend the investigation of the fermionic AdS star to the bulk conformal limit where the bulk fermion mass is vanishing. By numerically solving the TolmanOppenheimer-Volkoff (TOV) equation, we study the effects of various parameters to the mass limit of the degenerate AdS star. Notably by varying the fermion mass, the corresponding mass limit ranges from LBH to SBH. In the bulk conformal limit, the mass limit saturates to a maximum value specific to each dimension. We demonstrate that the maximal mass limit is exactly the same as the mass limit of the pure radiation as a result of the bulk conformal symmetry. In contrast to the radiation star, the degenerate star of massless fermion has zero bulk temperature and entropy. We interpret the maximal mass limit as the universal conformal dimension of the composite operators in the CFT side above which deconfinement phase transition is inevitable. A remarkable linear relationship between the mass limit and total particle number is also found in the bulk conformal limit. Bulk and boundary explanations are given.
The article is organized as the following. In Section 2, we briefly review the TOV equation and the equations of state of the degenerate star in the AdS space. For completeness, we also review the construction of the composite multitrace operators dual to the degenerate star. Rigorous calculations of the mass of the AdS star neglecting self-gravity are demonstrated to be exactly the same as given via the AdS/CFT dictionary. In Section 3, we present the main results of this article. Numerical results are interpreted in terms of the CFT on the gauge theory side. Section 4 reviews the thermodynamics of the AdS space in generic d dimensions, Eqn. (56) is a new result suitable for calculating tunneling rate of the quantum mechanical phase transition. The bulk conformal limit is discussed in Section 5. We also argue the possibility of stable SBH phase when the back reaction of the Hawking radiation is included. Section 6 concludes our article.
Holographic Degenerate Star in the AdS space
In this section, we consider degenerate star in the AdS space. Since we are interested in the construction of the gravity dual of the charge-neutral gauge matter living on the boundary, we will assume that the star content is purely fermionic with no charges. The fermion has no other interactions except gravity, both from the background AdS and the self-gravity. The AdS star has been studied extensively in Ref. [13] for zero temperature and in Ref. [21] for finite temperature with external magnetic field. In this section, we will review the basic of the AdS star at zero temperature and discuss the situation when self-gravity is negligible. In subsequent sections, we extend the investigation to include self-gravity and explore the limit when the fermion has zero mass.
We also review the construction of the composite operator in the dual CFT side as suggested by Ref. [13] and demonstrate in details the exact agreement between the conformal dimension of the composite operator and mass of the AdS star when self-gravity is neglected. The review content will be extended to describe the duality in the zero-fermion-mass limit in subsequent sections, especially in the double scaling limit of the CFT side.
The Equations of Hydrostatic Equilibrium for a Spherical Symmetric Star in d dimensions
The equations of motion of our system are derived from the Einsteins field equation in d-dimensional AdS space. Starting from a generic spherically symmetric line element in d-dimension
We assume the energy-momentum tensor of the fermion is given by the perfect fluid form,
where u µ , ρ, and P are the 4-velocity, energy density, and pressure respectively. Solving the Einstein's field equation (see e.g. Ref.
[21]), we obtain the Tolman-Oppenheimer-Volkoff equation (the TOV equation)
and the coupled equations between mass and chemical potential
where
1 and M(r) are the radius of the AdS space, the area of S d−2 , a constant and the accumulated mass of the star respectively. The chemical potential is naturally redshifted by the metric as
where we identify the central chemical potential with the Fermi energy ǫ F for empty AdS with A(0) = 1. For a fermionic star, the density and pressure of the fermion gas at zero temperature are given by
where g f is the number of internal degrees of freedom such as spin, flavour and colour of the fermion. Note that for m = 0 (conformal limit), the density and pressure become
a linear equation of state. In m = 0 limit, the AdS star behaves like a radiation star (at zero temperature, this is possible for a fermionic star or a Bose-condensate star). The radiation star in the AdS space turns out to have a finite mass limit but infinite radius as we will see later. Because of the infinite radius, the radiation star can be thought of as a thermal phase of the AdS space, i.e. the AdS space filling with radiation. The temperature profile of the radiation star is given by T (r) = T (0)/A(r). We will assume that T = 0 when we consider the AdS star and only turn on the temperature when we compare the AdS-BH with the thermal AdS in subsequent section.
Mass of degenerate star between bulk and boundary in the absence of self-gravity
According to the usual AdS/CFT dictionary, the conformal dimension of the fermionic single trace operator ∆ 0 is related to the mass of the bulk fermion m by
For large m ≫ d/2ℓ, ∆ 0 ≃ mℓ, the conformal dimension of an operator can be thought of as a scaled mass in the bulk. By using the dictionary above, Arsiwalla et al [13] found a perfect matching between the bulk mass of a spherical symmetric AdS star and the conformal dimension of the multitrace operator in the boundary description when the self-gravity of the bulk is neglected. Let us briefly review how they construct the composite operators and count the conformal dimensions of such operators. Exclusion principle demands that the composite operators, Φ, should contain derivatives of the single-trace fermionic operators, Ψ (since the CFT exists in (d − 1)-dimensions, the number of possible derivatives is d − 1). The most generic and simplest form is given by
where the product over all possible permutation of the derivatives is included for a given number of derivatives. Each product contains different numbers of derivatives of the singletrace operator and we call them a "shell". The last shell contains permutation of n derivatives at the most and n F is the maximal number of derivatives in the last shell. The composite operator thus depends only on n F and the number of possible configuration for a fixed n F is one. The entropy of each n F -operator is zero so we call it a degenerate multi-trace operator. A degenerate multi-trace operator is a good candidate for the corresponding dual of the degenerate fermion gas (at zero temperature) in the bulk. The number of fields Ψ in the shell with n derivatives is given by
which is equal to the number of particles in the bulk. For a fixed n F , the total number of fields corresponding to the total number of bulk particles is therefore
In order to estimate the bulk mass, we need to calculate the conformal dimension of the composite operator Φ for a certain n F . Since each derivative increases conformal dimension by one, the conformal dimension of Φ is
By using the approximate correspondence (valid only when
we find an approximate relation between the bulk mass, the Fermi energy and the bulk fermion mass to the leading order of ℓ as the following
are used. The term proportional to m corresponds to the rest energy and the term proportional to d − 1, originated from derivatives, corresponds to the kinetic energy of the fermion in the bulk. On the other hand, the gravitational mass of the AdS star in the bulk can be calculated via Eqn. (4a). Integrating by parts and using thermodynamic relation dρ = µ dn, we have
The number density in d-dimension is given by
Using (6) and solving r(µ) when ignoring self-gravity, i.e. χ(r) = 0, r = ℓ
After performing the integration,
where Γ (z) is a gamma function. By using properties of Gamma function
and
, the AdS mass can be calculated to be exactly the same expression as the right-hand side of Eqn. (15), i.e.
This is an amazing result showing the correspondence between the conformal dimension of multitrace operator in the CFT and the mass of the AdS fermionic star in the bulk. We should remark that the calculation of the bulk mass depends crucially on the functional form of the chemical potential with respect to the radial coordinate, µ(r) = ǫ F /A(r) = ǫ F / 1 + r 2 /ℓ 2 for the AdS space. This is the main reason why there is an exact matching between the bulk mass and the mass calculated from conformal dimension via the dictionary of the AdS/CFT correspondence. We can rescale the total bulk mass of the AdS star in terms of the bulk fermion mass m as the following
where the central chemical potential, µ 0 , is identified with the Fermi energy ǫ F . The mass is an increasing function of µ 0 and contains no information of the mass limit of the degenerate star. It neglects the effect of self-gravity and is not suitable for the gravitational collapse situation where self-gravity dominates and competes with the degenerate pressure. We will consider the situation when self-gravity is included in the next section. If we consider d = 4 and 5 cases, we obtain the mass in the AdS 4 and AdS 5
respectively. The total particle number N F can also be integrated with respect to the curved spatial volume by using the number density given by Eqn. (17) ,
Substitute B(r) = µ/ǫ F (since when self-gravity is neglected AB = 1) and change the integration variable to µ, we obtain
where we have used the identities of Gamma function, Eqn. (20) , in the last step as before. Again this is in exact agreement with the total particle number given by Eqn. (12), (16) and (14) in the boundary theory. Remarkably, we can define the density of states g(ǫ)
! for the "boundary free field" Ψ [13] for which
It is interesting to compare the integrand of Eqn. (18), (25), and (27) since they are integrated within the same range of energy variable. It is quite intriguing that different functions of integrand give exactly the same result, bulk and boundary. The boundary description has a statistical interpretation in terms of the density of states g(ǫ) while we cannot define a density-of-states function in the bulk, i.e. the integrand in Eqn. (25) does not lead to the correct integrand of mass in Eq. (18) when multiplied by µ. Nevertheless, an obvious relationship is established between the bulk mass and particle number as we can derive from differentiating Eqn. (27) with respect to ǫ F on the boundary
The same relationship can also be obtained by using the Einstein equations as pointed out in Ref. [13] . In fact, since the chemical potential is determined as a function of the radial coordinate r as
the accumulated mass M(r) can be directly integrated out to be a function of r,
For example, when d = 5 the integrand becomes a polynomial and the accumulated mass is given by
with u = 1/ 1 + r 2 /ℓ 2 . Similarly for the particle number accumulated from r = 0 to r,
For d = 5, the polynomial integral is simplified to
with u(r) given above. It is apparent from Eqn. (21) and (26) that both the total mass and particle number of the AdS star are increasing functions of ǫ F when the self-gravity is neglected (and µ 0 = ǫ F ). Consequently, there is no mass limit in this case. The mass and particle number continue to increase without bound as the central chemical potential grows. Naturally, neglecting self-gravity leaves us with only the gravity generated from the AdS background metric. The AdS star can attain any large masses which are determined from the equilibrium between the background gravity and the degenerate pressure. Since the background gravity is always bounded (i.e. no coordinate singularities), there is no possibility of gravitational collapse signalling the appearance of the event horizon, therefore the absence of the mass limit.
AdS stars with self-gravity
In section 2.2, it is demonstrated that the correspondence between conformal dimension of the boundary operator and the mass of semiclassical bulk field lead to an exact matching between the conformal dimension of the multitrace fermionic operator and the bulk mass of the fermionic degenerate star, Eqn. (21), in the absence of self-gravity. In obtaining the correspondence, we have made certain approximation m ≫ d/2ℓ, ∆ 0 ≃ mℓ that the mass is large. It is also taken that n F is large comparing to d.
In the presence of strong self-gravity, there is a possibility of coordinate singularities appearing in the metric, Eqn. (5) . Strong gravity limits the maximal possible mass of the star when the internal pressure becomes inevitably smaller than the strength of gravity. The result is the Chandrasekhar/TOV mass limit of a degenerate star. Certainly, when the self-gravity is strong, the basic fermionic operator, Ψ, must interact strongly to one another, changing the conformal dimension of the composite multitrace operator, Φ, in the process. There has been attempt to find a new conformal dimension of the strongly coupled composite operator in order to match with the mass of the AdS star in the presence of strong self-gravity [13] . Apparently in the Newtonian limit, the self-gravity contributes a negative amount of mass, roughly −GM 2 /r which corresponds to correction to the conformal dimension
We also have to multiply bulk energy by ℓ in order to obtain the conformal dimension according to Eqn. (14) . Consquently, the conformal dimension of Φ corresponding to the bulk mass of the AdS star in the presence of self-gravity becomes approximately
On the boundary, the change in the conformal dimension of the composite operator Φ is due to the 4-point interaction between the constituent operator Ψ which can be extracted from the OPE of the 4-point function of the operator Ψ. At the leading order of 1/cexpansion (c :central charge of the boundary CFT), the interaction is the exchange of the stress tensor as well as its crossing channel and thus it is universal just like gravity in the bulk.
large ℓ limit
When the radius of AdS space is large, the central charge of the dual CFT, c ∼ N 2 ∼ ℓ d−2 /G will be large. If ∆, N F , ∆ 0 are fixed, the fermionic operator Ψ can be approximated by a "free field" with negligible interaction. On the other hand, if we also scale ∆/c = f to be a finite constant not much different from O(1), we will have
In the bulk from Eqn. (5), this would correspond to the situation where self-gravity of the bulk fermion gas can no longer be neglected. Namely,
In this "double scaling limit" [13] , since k F ≃ ǫ F we have
where Eqn. (14), (15) , and (16) have been used. It also implies the scaling of the total particle number, Eqn. (12), with respect to the central charge
In the bulk picture, the scaling ∆ 0 ∼ c 1/d corresponds to the relation
which demands that as ℓ → ∞, the Newton constant must scale as G → (const.)/ℓ 2 in any dimensions. By requiring the invariance of the bulk equations of motion Eqn. (4a), (4b), (5) and (7) under scaling r → rr 0 , M → MM 0 , m → mm 0 , ρ → ρρ 0 , G → GG 0 , the scales must satisfy the relations
Choosing r 0 = ℓ and applying Gℓ 2 = const. result in the relation
For a fixed m, this is exact regardless of ℓ as long as we choose G = const./ℓ 2 . For large ℓ,
on the boundary CFT. Consequently for a given m, we can choose sufficiently large ℓ so that M is larger than m. Another prediction is that M/N F = const. since both quantities are of order ℓ d−1 and the constant f, g are not sensitive to m (when m is small). We will see that this is actually the case when we numerically calculate the mass limit and N F of the AdS star with self-gravity in the next section, as shown in Fig. 6 .
fixed ℓ case
Generically, the AdS/CFT correspondence should be valid even when ℓ is fixed to some finite constant. In this section we will explore this possibility by setting ℓ = 1 and argue that it could lead to the quark-gluon plasma with negative heat capacity. Increasing ℓ will increase the mass limit of the fermion star for a fixed m but we can always increase m so that the mass limit becomes substantially smaller, even smaller than m itself. In this Section, we numerically solve the coupled equations of motion, Eqn. (4a), (4b), by setting G, ℓ = 1. As long as we keep Gℓ 2 fixed at a specific value of m, the results remain unchanged for any other values of G and ℓ.
Relations between mass limit, fermion mass and radius
In this section, we will discuss the relationship between the mass limit, radius, and mass of the fermions in the AdS star as a result of the numerical solutions to the TOV equations. We have chosen g f = 2 for all of the plots except stated otherwise (plots involving binding energy have g f = 1). First, the mass limit of the AdS star is found to be a decreasing function of m as shown in Fig. 1 . A quantum property of fermion gas which determines the mass limit of the star is the degenerate pressure. Even massive fermions at zero temperature are forced to possess kinetic energy due to exclusion principle and thus they inevitably exert pressure against the gravity. As m → 0, most of the energy of the fermions becomes kinetic, resulting in the highest possible degenerate pressure and mass limit. Higher pressure also implies bigger star as we can see from Fig. 2 . Another crucial feature is that the mass limit is not sensitive to m when m is small as we can see from the saturation of the mass limit for m → 0 and ever increasing R. Figure 2 shows the relation between mass limit and radius of AdS stars in four and five dimensions. By varying the fermion mass m = 0.001 − 0.5, we numerically obtain the mass limit and the corresponding radius of the AdS star at each m. AdS star with large m has lower mass limit and smaller radius. There is a possibility for M < m as m increases. It is originated from the choice of units when we set G = 1, ℓ = 1. For a fixed m, Gℓ 2 ; ℓ can always be chosen to be so large, G to be so small that M ℓ d−1 becomes larger than m and vice versa. As m → 0, the radius continues to grow but the mass limit saturates at an upper bound mass. For AdS 4,5 , the upper bound M limit (m → 0) = 0.459, 0.913 respectively.
Accordingly on the boundary, the conformal dimension of the corresponding composite operator has an upper bound at M limit ℓ in the relativistic fermion limit. The lesser the confor- mal dimension of the constituent fermionic operator Ψ, the higher the conformal dimension of the composite Φ before the deconfinement occurs. Existence of the upper bound implies that the deconfinement is inevitable provided that the energy density (and consequently ∆) is sufficiently large. Injecting mass to the bulk until it exceeds the mass limit and the AdS star inevitably collapses corresponds to the deconfinement of the CFT matter on the AdS boundary when the energy density exceeds a critical value (larger and larger number of Ψ accumulates to form Φ until reaching critical value).
Relations between Fermi energy and fermion mass
At center of the star, gravitational force from both the AdS background and the self-gravity become zero. Therefore the chemical potential at r = 0 is simply the Fermi energy ǫ F . The chemical potential gets redshifted as r increases and becomes m at the surface of the star. Each class of star with a given value of m has a mass limit at a particular µ(r = 0) = ǫ F . Numerical results are presented in Fig. 3 . The Fermi energy or central chemical potential at the mass limit is found to be an increasing function of the fermion mass.
On the boundary, this result is consistent with relation ǫ F ℓ = (∆ 0 +n F ). The dependence of ǫ F and m is almost linear at the critical ∆ = M limit ℓ where deconfinement occurs. We can interpret that n F at the deconfinement is also a slowly increasing function of ∆ 0 ≃ mℓ.
Binding energy
The binding energy of the AdS star can be calculated from the difference between the mass with and without the self-gravity at the fixed total particle number. We can numerically calculate the mass of the AdS star from the coupled equations (4a), (4b) in the presence of self-gravity, and analytically from Eqn. (21) when self-gravity is neglected. However, these masses are determined at a fixed µ 0 (Fig. 4) , consequently they correspond to different particle numbers. In order to obtain the binding energy of the star, we need to subtract the masses at a fixed particle number N F (Fig. 5 (a) and (b) ).
From Fig. 5 (c) and (d), the binding energy fraction is smaller for smaller fermion mass m. As the fermion mass approaches zero, the binding energy saturates. We can also see the saturation phenomenon in Fig. 2 (as the radius grows with diminishing m) and Fig. 1 . The implication for the conformal physics on the boundary is the following. For operator Ψ with small conformal dimension ∆ 0 , the deconfinement transition occurs when the conformal dimension of the composite operator Φ is relatively larger than when ∆ 0 is large. However, even when ∆ 0 becomes very small (m → 0 in the bulk) the deconfinement still occurs at a saturated value of ∆, the conformal dimension of the composite Φ. There is an upper bound on the critical conformal dimension ∆ c (corresponding to M limit ) above which deconfinement is inevitable. For a given fermion mass m, the mass limit of the AdS star would correspond to the critical conformal dimension ∆ c ≡ ∆ c,0 + ∆ int. of the operator Φ while ∆ c,0 would be given by the mass of the AdS star neglecting self-gravity at the same total particle number, M 0 (sameN F ). Namely, we have the following relations 
Relation between mass limit and total particle number
An interesting result is found between the mass limit and corresponding total particle number as is shown in Fig. 6 . For sufficiently small m, the relation between M limit and N F converges to a linear function for both AdS 4,5 . For larger m, both M limit and N F approach zero. This result is intriguing considering the fact that for small m, most fermions are kinetical and the rest energy is negligible. We do not expect the total mass to be proportional to the number of particle especially when the chemical potential is redshifted along the radial coordinate, see e.g. Fig. 5 (a) , (b) (see also Fig. 8 of Ref. [13] ). Numerically, we can understand this result from the behaviour of binding energy shown in Fig. 5 . As m → 0, the binding energy fraction becomes negligible, therefore the expression of mass and particle number without self-gravity given by Eqn. (21), (26) can be used. Setting m = 0, we obtain the linear relation
On the boundary, we can understand this behaviour in the large ℓ limit as discussed in Section 3.
, hence both M limit and N F are of order ℓ d−1 . Additionally, ∆, N F are not sensitive to small m in the double scaling limit as is also confirmed by the bulk result in Fig. 2 . Consequently, we expect the relation between M limit and N F to be linear when ℓ is large and m is small. This result remains valid for smaller ℓ and larger G as long as Gℓ 2 is fixed as we can see from Fig. 6 . Lastly, let us comment on the bulk conformal limit, m → 0 of the AdS star. As expected from the linear equation of state, Eqn. (9), the conformal breaking factor ρ − (d − 1)P approaches zero as m → 0. This is shown in Figure 7 . In this bulk conformal limit, the relation between the mass limit and the total particle number (at the mass limit) becomes linear as is shown in Fig. 6 . The relationship is not obvious due to the extra B(r) in the definition of N F comparing to M.
g f factor and internal degrees of freedom
The spin degrees of freedom can be included in the analysis as a g f factor multiplying to the density and pressure of the fermion content of the star. Incidentally, this factor can actually represent all other internal degrees of freedom of the bulk fermion such as the colour and flavour as long as a universal mass (and chemical potential) is assumed among those degrees of freedom. The dependence on the number of internal degrees of freedom is shown in Fig. 8 . The mass limit is found to be a slowly decreasing function of g f even though the pressure and density are increased. Such paradoxical behaviour can be understood by considering the equation of motion of the chemical potential, Eqn. (4b). Increasing both the density and pressure with a factor g f will make µ(r) decreases more rapidly with respect to r, consequently the star radius becomes smaller making the accumulated mass smaller. We also found that the central chemical potential µ 0 at the mass limit decreases with increasing g f for a fixed m.
For both bulk and boundary picture, g f represents the same localized degrees of freedom. If there are more colour and flavour degeneracy of CFT "nucleon" (or more generically "multiquark"), the deconfinement could occur at slightly lower ∆ (and lower energy density) according to Fig. 8 .
Small and large AdS black holes
In this section, we briefly review the thermodynamics of black holes in the AdS space. We will present the results in general dimension. The analysis is based on the Euclideanized time action which neglects the effects of self-gravity of the radiation in the AdS space.
There are two possibilities of static black holes in the AdS space, a small and large one [11] . A small black hole (SBH) is defined to be the branch which the Hawking temperature decreases as the black hole mass grows and thus it has a negative heat capacity. A large AdS black hole (LBH), on the other hand, is the black hole in the positive heat capacity branch with the Hawking temperature an increasing function of the black hole mass. Quantum fluctuations near the horizon of a black hole generate Hawking radiation at a fixed temperature which is related to the Bekenstein entropy in a standard thermodynamical manner. The heat capacity of a black hole can be defined once its temperature is determined.
Starting with the classical action of AdS-Schwarzschild spacetime in d dimension,
proportional to the volume of the spacetime. In the presence of a black hole, we set χ(r) = 0, M(r) = M in Eqn. (5) for the metric. Both the volume factor of the AdS and the AdSSchwarzschild spacetime are infinite but the difference is finite, the regulated action obtained by substracting the two at the same asymptotic radius is [10]
where n = d − 1 is the dimension of the boundary spacetime and r + is the horizon radius of the black hole. The cosmological constant is related to the AdS radius ℓ by
The corresponding Hawking temperature T H = 1/β is a function of the horizon radius as
(50) The total energy (mass) of the AdS-BH can be calculated thermodynamically to be
with the heat capacity
The heat capacity is negative when r + < ℓ (n − 2)/n ≡ r c and positive for r + > ℓ (n − 2)/n respectively. As a demonstration of the holographic principle, we also calculate the entropy of the AdS-BH,
where A n−1 (r + ) is area of the event horizon of the black hole. The minimal Hawking temperature occurs when r + = r c ,
For d = 4, 5 (n = 3, 4), this is equal to √ −Λ/2π, −4Λ/3/2π respectively. Above the minimal temperature, AdS-BH branches into small and large ones with negative and positive heat capacity as shown in Fig. 9 . The critical mass distinguishing small and large black holes is at r + = r c
In d = 4, 5 (n = 3, 4), the critical mass is
or 0.385, 0.884 for ℓ, G = 1 respectively. Classically, both small and large black holes can exist in the AdS space in any dimensions. Semiclassically, however, thermal fields in small (large) AdS-BH spacetime is thermodynamically less (more) preferred than pure radiation in the AdS space. The free energy of the fields in the AdS-Schwarzschild background at finite temperature could be identified with the gravity action in the Euclideanized time. From Eqn. (48), (50), the regulated gravity action is related to the temperature T = 1/β by
where β c ≡ 2πℓ/ n(n − 2) and the +(−) sign corresponds to the LBH(SBH) respectively. The free energy of the AdS-BH can be calculated from the partition function F = −T log Z = T I,
which is positive (negative) when r + < (>)ℓ. At r + = ℓ, the BH temperature is (n−1)/2πℓ ≡ T 1 > T min . By comparing the free energy of the BH in thermal equilibrium with radiation and the thermal AdS without self-gravity, we thus conclude that for
the BH (regardless of the size) in thermal equilibrium is less preferred thermodynamically than the pure thermal AdS without self-gravity. For higher temperature T > T 1 (the Hawking-Page temperature), the free energy of the LBH (SBH) becomes negative (positive). LBH becomes more preferred than the pure thermal radiation while the SBH is the least preferred. Note that the self-gravity of the radiation has been neglected in this consideration for both thermal AdS and BH in thermal equilibrium.
5 Self-gravity effects of the radiation and the bulk conformal limit
In this section we consider effects of self-gravity of the radiation and matter in the AdS space. For AdS space without BH, this is simply the "radiation" star with infinite radius. For the star of massless fermion, the AdS space behaves like a box. As a consequence, the fermions develop nonzero chemical potential even at zero temperature within the star. As we have numerically demonstrated, the fermionic AdS star in m → 0 limit at zero temperature has a finite mass limit with an infinite radius! In this sense, it is a "radiation" star at zero temperature. On the other hand, the conventional radiation star with zero chemical potential (and thus nonzero temperature) in the AdS space has been studied a couple of times, e.g. Ref. [22] , [23] . Starting from the number density of the the massless particle specie i given by
where the sign is +(−) for fermion(boson), we obtain
for boson and ρ f = (1 − 2 −n )ρ b for fermion. The total energy density of radiation is thus
summing over all species of particle and the radiation pressure is given by P = ρ/(d − 1). It has been shown in Ref. [22] , [23] that the radiation star in the AdS space even with infinite radius generically has mass limit above which gravitational collapse to BH is inevitable. The mass limit corresponds to the critical maximal temperature of the radiation at the center, r = 0 of the AdS space. The radiation with central temperature higher than this value is unstable under radial perturbation. It is interesting to compare the mass limit obtained from the conventional radiation star and the mass limit with m → 0 obtained in Section 3. The former has µ = 0, T > 0 while the latter has T = 0, µ > 0. As is demonstrated in Appendix A of Ref. [21] (Eqn. (A.32) ), the equation of motion of T (r) and µ(r) are identical, i.e. T ′ /T = µ ′ /µ = −A ′ /A. Therefore, there is a symmetry under T and µ exchange in the system if the the density ρ and pressure P have the same dependence between T and µ. This is exactly the case when m = 0, the bulk conformal symmetry demands that ρ, P can only depend on a single dimensionful quantity, either T or µ. Dimensional analysis implies that ρ, P will have exactly the same independence on T or µ; for conventional radiation star, they are given by Eqn. (60), (61), for fermionic star with m = 0, they are given by Eqn. (9) . Consequently, both cases will give exactly the same mass limit! This remarkable result implies that the upper mass limit we found in Section 3 is actually the same as the mass limit of the radiation in the AdS space with the self-gravity, a genuine universal mass limit of the AdS space.
Numerically, we found that the critical central temperature at the mass limit (g * = 2) of the thermal AdS space is 0.622(0.776) for AdS 4(5) respectively. The mass limit is 0.459(0.913) for AdS 4(5) , exactly the same as the mass limit of the fermionic star in Section 3 as expected from the symmetry between T and µ of the two cases in the bulk conformal limit. Another remarkable behaviour is the scaling invariance of the mass limit with respect to T or µ. Since the expression of ρ and P does not change form under rescaling T or µ (due to bulk conformal symmetry), the mass limit curve only shifts in the T or µ direction under the rescaling. The mass limit remains the same. As a consequence, the mass limit does NOT depend on g * (or g f ) since we can rescale T → T g 1/d * (or µ) to eliminate g * from the equation of motion. Certainly, the critical T or µ at the mass limit will be shifted with a factor g
On the boundary, the universal mass limit can be interpreted to be the dual of universal critical temperature of the strongly coupled CFT matter above which deconfinement should occur. The critical temperature in the gauge picture is the Hawking temperature of the AdS-BH with mass equal to the universal mass limit of the AdS star given by Eqn. (50), (51) (see also Fig. 9 ). For AdS 4,5 ,
respectively. Note that T crit is slightly larger than T min . Since the mass limits are larger than M c , these are LBH dual to the QGP with positive heat capacity. A remark on the different behaviour of entropy should be emphasized here. The m → 0 fermionic AdS star at zero temperature at any µ has vanishing entropy while the radiation star generically has positive entropy for T > 0. The gravitational collapse of the AdS star of massless fermions evolves the entropy from zero to the Bekenstein-Hawking entropy (BH entropy) of the BH at the end of the collapse. The collapse of the radiation star or thermal AdS space, on the other hand, evolves the entropy from finite positive value to the same BH entropy. It appears that the m → 0 fermionic AdS star at zero temperature or the "radiation" star is another thermodynamical phase of the AdS space, a possibly true ground state with zero entropy.
All the fermionic stars we explored in Section 3 are actually in the ground state with zero entropy. The mass limit ranges from the LBH in the bulk conformal limit to the SBH as m increases. For suffciently large m, the dual QGP to the SBH has negative heat capacity. Imagine adiabatically injecting fermionic mass into the center of the AdS space until it reaches the mass limit. Inevitable gravitational collapse of the AdS star into a BH for any m implies that it is possible to form a QGP with negative heat capacity in the dual CFT side. Once the BH is formed, it starts to radiate at the Hawking temperature. The Hawking radiation will gradually populate the AdS box but it will not be in thermal equilibrium since the SBH becomes hotter as it radiates. Conventional argument when the self-gravity of the radiation is neglected is that the SBH with radiation is unstable since the regulated free energy, Eqn. (57), is positive. In a closed system at a fixed temperature (canonical ensemble), it would radiate or tunnel into the pure radiation. The gauge dual of the pure radiation in the AdS space is the gas of the conformal cousin of some confined "hadrons". The "hadron" gas is weakly interacting with less number of degrees of freedom comparing to the QGP. Therefore the typical scenario without self-gravity would be that the QGP with negative heat capacity, once being formed, will eventually radiate (or condensate) into the "hadron" gas. The SBH is also interpreted to be the bounce solution giving tunneling probability of the transition between the thermal AdS and the LBH [24, 25] ,
where B = I − − I + (I − ) for T < (>)T 1 respectively. The regulated action I ± is given by Eqn. (56). At some point, however, the incoming radiation flux becomes equivalent to the outgoing flux and the SBH should settle in a thermal equilibrium with the radiation confined in the AdS space. On the boundary, the dual picture is the QGP with negative heat capacity gets hotter and hotter after its formation. Then after the SBH reaches thermal equilibrium with the radiation, the dual QGP would remain at a constant temperature. It is interesting to obtain a more quantitative picture of the evolution of this QGP with negative heat capacity. In the following section, we investigate the BH in equilibrium with radiation in the AdS box to see under which condition the back-reaction becomes important.
Radiation outside AdS-BH
One way to find the proportion of radiation and BH energy in a box is to consider the maximal entropy state of the isolated system [26] . In a microcanonical ensemble of BH and radiation with fixed total energy E = E r + E bh , the total number of configurations of the system with radiation energy (entropy) E r (S r ) and black hole energy (entropy) E bh (S bh ) is exp(S r + S bh ). The most probable state will be the state which maximizes the total entropy S r + S bh . The general conditions are
Under the constraint E = E r + E bh , the first condition gives T r = T bh since
Using E r = aT d , the second condition yields
where C V is the heat capacity of the BH. For LBH in the AdS space with positive heat capacity, the condition is trivially satisfied but for SBH, it becomes
The constant a can be determined when the self-gravity of the radiation is negligible since
where g * is given by Eqn. (61). Substituting C V , T from Eqn. (52), (50), we obtain the condition on the polynomial
where z ≡ r + /ℓ and
This is the condition on the size, z, of the SBH in equilibrium with the radiation in the AdS box when self-gravity of the radiation is neglected. If we fix z, it can also be served as the condition on the radius ℓ (thus effective volume) of the AdS space. Moreover, we can rewrite the condition in terms of the radiation energy and mass of the BH as
where M is mass of the BH. This form is convenient when taking the flat space limit, ℓ → ∞, giving
The condition (66) can also be translated into a condition on the temperature, T < T 2 , where T 2 is the saturation temperature. The radiation and the SBH can be in equilibrium only for temperature lower than this saturation temperature. For G, ℓ = 1; g b,f = 2, the inequality can be solved numerically giving T 2 = 0.315, 0.484 correspoding to the SBH with size z 2 = 0.341, 0.480 for n = 3, 4 respectively. Note that there is a hierachy T 2 > T min (= 0.276, 0.450 for n = 3, 4) and T 2 → T min as g eff → ∞.
When an SBH in the AdS is in thermal equilibrium with the radiation under the condition (64), the total heat capacity is still constrained to be negative and so is the dual QGP. Quantum fluctuations force BH to emit Hawking radiation but after some time, the amount of radiation in the AdS space would saturate the bound given by the condition (68), i.e. approaching the point where the total heat capacity is zero. We would expect the same thing to happen to the dual QGP at the boundary. Once the QGP with negative heat capacity is formed below the temperature T 2 , it will radiate away its energy until the temperature reaches T 2 saturating the bound given by (68). At this configuration, the QGP even with negative heat capacity (but the total heat capacity of both BH and radiation is zero) remains marginally stable with the surrounding radiation.
On the contrary, if the formed SBH has corresponding temperature T > T 2 or is smaller than the critical size z 2 , it will radiate away all of the energy and the AdS space will be in the radiation phase. In the dual picture, the QGP will undergo a phase transition and become a gas of confined hadron. Recall that the parameter which determines the size of the BH is the bulk fermion mass m, also the quantity signifying the degree of bulk nonconformality. When m is very small, the mass limit approaches the universal mass limit M limit (m → 0) = 0.459, 0.913 (n = 3, 4). The corresponding BH above this mass limit is an LBH. However, since M limit is a decreasing function with respect to m, it will drop below M c for sufficiently large m. Numerical results for g f = 2 from Fig. 1 shows that for m > 0.113, 0.017 (n = 3, 4), M limit corresponds to an SBH with mass less than M c = 0.385, 0.884 (n = 3, 4). The investigation of the AdS star reveals that not only it is possible to form the QGP with negative heat capacity, it can become stable thermodynamically around T T 2 if the temperature at the formation is smaller than T 2 . On the other hand, the QGP with negative heat capacity being formed at T > T 2 will quickly evaporate (and condensate) completely into the gas of confined hadron.
The exotic negative-C V QGP will have smaller shear viscosity (η) than the positive-C V QGP at the same temperature given by [27] 
while preserving the ratio η/s since the entropy density s ≡ S/V is also proportional to the horizon area A n−1 .
Conclusions
A static holographic star with spherical symmetry will collapse under its own gravity above a certain mass limit. We study the dependence of the mass limit on the fermion mass of the degenerate fermionic AdS star and the implications to the QGP in the dual picture at the AdS boundary. The relationship between the fermion mass and the mass limit is numerically established for both AdS 4 and AdS 5 . We found that the mass limit is a decreasing function with respect to the fermion mass and the black hole at the mass limit could be both a small and large black hole in the AdS space. When the fermion mass approaches zero, the mass limit becomes identical to the the mass limit of the radiation star due to the bulk conformal symmetry. In this bulk conformal limit, the mass limit of the AdS star is maximal and universal, suggesting a universal phase transition in the dual gauge picture. The AdS star with zero fermion mass has zero bulk entropy in contrast to the radiation star which has considerably large entropy. The multiplicity of the bulk systems corresponding to the same boundary configuration suggests that there might be a multiplicity in the AdS/CFT correspondence mapping, especially when the bulk symmetry is present. The fact that gravitational collapse of the AdS star could result in both small and large black hole implies that the QGP formation in the dual gauge picture could result in the QGP with both negative and positive heat capacity. We thus explore the condition when the QGP with negative heat capacity could be in equilibrium with the radiation using the dual gravity picture. It is found that a negative-C V QGP with temperature less than a saturation temperature T 2 could evolve into a negative-C V QGP at T 2 and become stable thermodynamically without undergoing a confinement phase transition. On the other hand, the negative-C V QGP with temperature higher than T 2 will eventually condensate completely into the gas of confined hadron.
It is interesting to experimentally verify if there is a QGP formed in the heavy ion collisions with such properties. First, it is produced at certain temperature then becomes hotter and eventually saturates at the saturation temperature T 2 > T crit T min . Addition of energy to the negative-C V QGP will make it colder. The temperature will continue to drop until it reaches T min then start to raise with the energy. We also expect the exotic QGP to have smaller shear viscosity than the positive-C V QGP at the same temperature with η ∝ A n−1 (r + ) = V n−1 r n−1 + . It will also have smaller entropy density by the same proportion, s ∝ A(r + ), while preserving the ratio η/s of the conventional QGP. 
